Abstract-This paper presents a robust filter called quaternion Hardy filter (QHF) for color image edge detection. The QHF can be capable of color edge feature enhancement and noise resistance. It is flexible to use QHF by selecting suitable parameters to handle different levels of noise. In particular, the quaternion analytic signal, which is an effective tool in color image processing, can also be produced by quaternion Hardy filtering with specific parameters. Based on the QHF and the improved Di Zenzo gradient operator, a novel color edge detection algorithm is proposed. Importantly, it can be efficiently implemented by using the fast discrete quaternion Fourier transform technique. The experiments demonstrate that the proposed algorithm outperforms several state-of-theart algorithms.
I. INTRODUCTION
E DGE detection is a fundamental problem in computer vision [1] . It has a wide range of applications, including medical imaging [2] , lane detection [3] , face recognition [4] , and weed detection [5] . Canny [6] , Sobel [7] , Prewitt [8] , differential phase congruence (DPC) [9] and modified differential phase congruence (MDPC) [10] detectors have drawn wide attentions and achieved great success in gray-scale edge detection. When these methods are used to process color images, a pre-processing process is necessary, that is, to convert color image to gray-scale. Such a gray-scale conversion loses color information inevitably [11] . It can be illustrated by Fig. I  (a) , the left half of the rectangle has RGB values of 2, 170 and 2, and the right half has RGB values of 250, 2 and 240, respectively. Note that the edge between green and pink is missing in the gray-scale image (see Fig. I(b) ). It is not surprising to see that the edge detected results by Canny, Sobel, and Prewitt algorithms are inaccurate (see to some proposed rules [12] . Instead of separately computing the scale gradient for each color component, Di Zenzo [13] proposed a multi-channel gradient operator (DZ) and it has been widely used. In 2012, Jin [14] solved the uncertainty of the Di Zenzo gradient direction and presented an improved Di Zenzo (IDZ) gradient operator. IZD achieves a significant improvement over DZ. However, IDZ is not stable in dealing with noisy images.
A growing body of research [15] , [16] , [17] , [18] , [19] has shown that quaternions are well adapted to color image processing by encoding color channels into three imaginary parts. The quaternion analytic signals are the boundary values of the functions in quaternion Hardy space [20] . Based on the quaternion analytic signal, the authors in [21] proposed some phase-based algorithms to detect the edge map of gray-scale images. It is shown that the introducing of quaternion analytic signal can reduce the influence of noise on edge detection results. It should be noted that although the tool of quaternion was applied, the algorithms in [21] only considered the gray-scale images. Based on the QHF and the improved Di Zenzo gradient operator, we propose a novel edge detection algorithm which can be applied to color image.
The contributions of this paper are summarized as follows.
1) We propose a novel filter, named quaternion Hardy filter (QHF), for color image processing. Compared with quaternion analytic signal, our method has a better performance due to the flexible parameter selection of QHF. 2) Based on the QHF and the improved Di Zenzo gradient operator, we propose a robust color edge detection algorithm. It can enhance the color edge in a holistic manner by extracting the main features of the color image. 3) We set up a series of experiments to verify the denoising performance of the proposed algorithm in various environments. Visual and quantitative analysis are both considered. Five classical edge detection algorithms, such as Canny, Sobel, Prewitt, differential phase congruence (DPC) and modified differential phase congruence (MDPC), are compared with the proposed algorithm. In terms of peak SNR (PSNR) and similarity index measure (SSIM), the proposed algorithm shows the superiority in color edge detection. The rest of the paper is organized as follows. Section II recalls some preliminaries of the improved Di Zenzo gradient operator, quaternions, quaternion Fourier transform, quaternion Hardy space and quaternion analytic signal. Section III presents the main result of the paper, it defineds the novel algorithm for color-based edge detection of real-world images. Experimental results of the proposed algorithm are shown in Section IV. Conclusions and discussions of the future work are drawn in Section VI.
II. PRELIMINARIES
This part recalls some preparatory knowledge of the improved Di Zenzo gradient operator [14] , quaternions, quaternion Fourier transform [22] , quaternion Hardy space [21] and quaternion analytic signal [24] which will be used throughout the paper.
A. The improved Di Zenzo gradient operator
In the following, we recall the improved Di Zenzo gradient operator, namely the IDZ gradient operator, which will be combined with the quaternion Hardy filter to establish the novel edge detection algorithm in the next section.
Let f be an M × N color image that maps a point x 2 ) ). Then the square of the variation of f at the position (x 1 , x 2 ) with the distance γ in the direction θ is given by
where Let
Then the gradient magnitude f max of the improved Di Zenzo's gradient operator is given by
The gradient direction is defined as the value θ max that maximizes f (θ) over 0 ≤ θ ≤ 2π 
B. Quaternions
As a natural extension of the complex space C, the quaternion space H was first proposed by Hamilton in 1843 [25] . A complex number consists of two components: one real part and one imaginary part. While a quaternion q ∈ H has four components, i.e., one real part and three imaginary parts
where q n ∈ R, n = 0, 1, 2, 3, and the basis elements {i, j, k} obey the Hamilton's multiplication rules
Given a quaternion q = q 0 + q 1 i + q 2 j + q 3 k, its quaternion conjugate is q := q 0 − q 1 i − q 2 j − q 3 k. We write Sc(q) := 1 2 (q + q) = q 0 and Vec(q) := 1 2 (q − q) = q 1 i + q 2 j + q 3 k, which are the scalar and vector parts of q , respectively. This leads to a modulus of q ∈ H defined by |q| :=== q 2 0 + q 2 1 + q 2 2 + q 2 3 , where q n ∈ R, n = 0, 1, 2, 3.
By (II-B), an H-valued function f : R 2 → H can be expressed as
C. Quaternion Fourier transform
Suppose that f is an absolutely integrable complex function defined on R. Then the Fourier transform [26] of f is defined by
where w denotes the angular frequency. Moreover, if f is an absolutely integrable complex function defined on R , then f can be reconstructed by the Fourier transform of f and is expressed by The quaternion Fourier transform, which can be regarded as an extension of Fourier transform in quaternion domain, plays a vital role in grayscale image processing. The first definition of the quaternion Fourier transform was given in 1992 [27] and the first application to color images was discussed in 1996 [28] . It was recently applied to find the envelope of the image [29] . The application of quaternion Fourier transform on color images was discussed in [19] , [30] . The Plancherel and inversion theorems of quaternion Fourier transform in the square intrgrable signals class was established in [31] . Due to the non-commutativity of the quaternions, there are various types of quaternion Fourier transforms. In the following, we focus our attention on the two-sided quaternion Fourier transform (QFT).
Suppose that f is an absolutely integrable H-valued function defined on R 2 . Then the two-sided quaternion Fourier transform of f is defined by
where w l and x l denote the 2D angular frequency and 2D space (l = 1, 2), respectively. Furthermore, if f is an absolutely integrable H-valued function defined on R 2 , then the continuous inverse quaternion Fourier transform (IQFT) of f is defined by (
where w l and x l denote the 2D angular frequency and 2D space (l = 1, 2), respectively.
D. Quaternion Hardy space
Let C := {z|z = x + si, x, s ∈ R} be the complex plane and a subset of C is defined by C + := {z|z = x + si, x, s ∈ R, s > 0}, namely upper half complex plane. The Hardy space H 2 (C + ) on the upper half complex plane consists of functions c satisfying the following conditions
The generalization [20] to higher dimension is given as follows. Let
consists of all functions satisfying the following conditions
(sup
where
E. Quaternion analytic signal
In the following, we review the concept of analytic signal. Given a real signal f . Combined with its own Hilbert transform, the analytic signal of f is defined by where H[ f ] denotes the Hilbert transform of f and is defined by
The Fourier transform of an analytic f a defined in (II-E) is given by
where w ∈ R.
A natural extension of the analytic signal from 1D to 4D space in the quaternion setting is called quaternion analytic signal [23] . It was proposed by Bülow and Sommer [24] using partial and total Hilbert transform associated with QFT. Give a 2D quaternion valued signal f . Combining with its own quaternion partial and total Hilbert transform, we get a quaternion analytic signal f q [24] as follows
are the quaternion partial Hilbert transform of f along the x 1 -axis, x 2 -axis, respectively. While
is the quaternion total Hilbert transform along the x 1 and x 2 axes. By direct computation, the quaternion Fourier transform of quaternion analytic signal is given by
III. PROPOSED ALGORITHM
In this section, we introduce our new color edge detection algorithm. To begin with, the definition of quaternion Hardy filter is presented. 
A. Quaternion Hardy filter
The quaternion analytic signal f q can be regarded as the output signal of a filter with input f . The system function of this filter is
In this paper, we use a novel filter, named quaternion Hardy filter (QHF), to detect the edge map of color images. The system function of QHF is defined by w 2 ) . This means that the QHF is very general and flexible, and it can solve many problems that can't be solved well by quaternion analytic signal. For any fixed s 1 , s 2 ≥ 0, denote by f H (x 1 , x 2 , s 1 , s 2 ) the output signal of the QHF with input f (x 1 , x 2 ) . By the definition, we have
Here, the QFT acts on the variable x 1 , x 2 . We will show that as a function of z 1 = x 1 + is 1 and z 2 = x 2 + js 2 , f H belongs to the quaternion Hardy space Q 2 (C + ij ). 
=0.
The last equality holds since the integrand vanishes identically. Similarly,
For any fixed
According to the QFT Parseval's identity [31] , we obtain that
Using (5), (6) and (7), a direct computation shows that sup
The proof is complete.
B. Color edge detection algorithm
Let us now give the details of the quaternion Hardy filter based algorithm. They are divided by the following steps.
Step 1. Given an input color image, associate it with a H-valued signal
where f 1 , f 2 and f 3 represent respectively the red, green and blue components of the given color image.
Step 2. Compute the DQFT of the f , i.e.,
Step 3. 
where h k , k = 1, 2, 3 are real-valued functions.
Step 6. Perform the IDZ gradient operator to Vec( f H ). Applying equation (1), we obtain
then we substitute them into equation (2), obtain
Step 7. Finally, we obtain the processed result, edge map, by applying the nonmaxmum suppress.
IV. EXPERIMENTAL RESULTS
In this section, we shall demonstrate the effectiveness of the proposed algorithm for color image edge detection.
Here both visual and quantitative analysis for edge detection are considered in our experiments. All experiments are programmed in Matlab R2016b. We will use six test images (Fig. 3) for the comparison with different edge detectors. Digital images distorted with different types of noise such as I-Gaussian noise [32] , IIPoisson noise, III-Salt & Pepper noise and IV-Speckle noise. The ideal noiseless (Fig. 3 ) and noisy images (Fig. 4) are both taken into account. Tables V -X ( V Appendix) summaries the parameter settings in terms of the signal-to-noise (SNR) ratio, scale values [33] s 1 , s 2 , and s respectively for the proposed algorithm and (DPC, MDPC) algorithms.
A. Visual comparisons
For visual analysis, a color-based method IDZ and five grayscale-based methods Canny, Sobel, Prewitt, Differential Phase Congruence (DPC) and Modified Differential Phase Congruence (MDPC) will be compared with our algorithm. shows the detection result of the proposed algorithm. It preserves details more clearly than the second row. This demonstrates that the proposed algorithm gives robust performance compared to that of the IDZ gradient algorithm.
2) Grayscale-based algorithms: We compare the performance of the proposed algorithm with five grayscalebased algorithms. The noiseless (Fig. 3 ) and noisy images (Fig. 4) are both taken into account.
• Noiseless case: Fig. 3 shows the six noiseless test images. Fig. 7 demonstrates the edge maps of the noiseless test images T1, T2 and T3.
• Noisy case: Fig. 4 is produced by adding four noises (I-IV) to each image in Fig. 3 . The edge maps obtained by applying the Canny, Sobel, Prewitt, DPC, MDPC and the proposed methods to noisy images T1 and T2 (Fig. 4) are shown in Fig. 9 and 10, respectively. The bottom row of Fig. 9 and Fig. 10 respectively shows the edge results of the noisy image T1 and T2 (Fig. 4) using our proposed method. we can clearly see that the proposed algorithm is able to extract edge maps from the noisy images. This means that the proposed algorithm is resistant to the noise. In particular, it is superior to the other detectors on images with Salt and Pepper noise.
B. Quantitative analysis
To show the accuracy of the proposed edge detector, the PSNR [34] and SSIM [35] values of various type of edge detectors on noisy images (I-Gaussian noise, IIPoisson noise, III-Salt and Pepper noise and IV-Speckle noise) are calculated (Table I -IV) . The PSNR and SSIM is defined as follows. 1) The PSNR is a widely used method of objective evaluation of two images. It is based on the errorsensitive image quality evaluation. The PSNR between the original image (the edge map of the noiseless image) X and the reference image (the edge map of noisy image) Y is defined by PSNR(X, Y) := 20 log 10 255
where MSE(X, Y) denotes the mean square error of those two images, that is MSE(X,
The PSNR value obtained by this method is the degree of similarity or fidelity of the two edge maps. The unit of PSNR is dB, the bigger the value is, the stronger the robustness is.
2) The SSIM is a method of comparing two images under the three aspects of brightness, contrast and structure. In general, the SSIM between two images X and Y is defined by
Here α, β, γ > 0 are used to adjust the importance of the three modules.
• The luminance conparision function uses the average gray levels µ x and µ y to estimate the luminance, which is defined by
,
is the average grayscale of image X. The parameter c 1 is to avoid system instability when µ 2 X + µ 2 Y approaches zero. In particular, we choose small constants c 1 = (k 1 l) 2 , k 1 1, and l represents the grayscale of one image.
• The contrast comparison function uses the standard deviation σ X and σ Y for the contrast measure, which is
• The structure comparison function is defind by
In this paper, we assume α = β = γ = 1, c 3 = 1 2 c 2 , and by straightforward computation, we obtain
.
The SSIM(X, Y) value is between 0 and 1. The larger the value, the greater the similarity between the two images X and Y. In our comparison, the edge map in Fig. 7 and 8 are marked as image X, while the edge map of noisy case are marked as image Y in both formulas (8) and (2) . Tables I  -IV gives the comparison results of the PSNR and SSIM values of the six test images. Each value in the table represents the similarity between the edge map of the noisy image and the edge map of the noiseless image. That is, the larger the value, the stronger the denoising ability. From the results in Tables I and II , we obtain the following conclusions.
• Image Lena and Men results in Table I show that the proposed method has a better performance than the others, except for Poisson noise. While we studied the various detectors under Poisson noise, we find that the top three algorithms are Sobel, Prewitt, and the proposed algorithm. For the house image results in Table I , although the PSNR values are not the largest, but still in the top three. Therefore, for these three classic images, our method performs very well overall, especially for images Lena and Men in Fig.  4 .
• From the results shown in Fig. 8 algorithm achieves more excellent results than the Canny. This is why even though the PSNR value of the proposed algorithm is not the largest of all methods, it still outperforms the competitors. On the whole, using the proposed method to do color edge detection on this type of image, the performance is obviously excellent. Tables III and IV show the SSIM values between the edge maps of noiseless images and the edge maps of the noisy images. The closer the SSIM value is to 1, the better performance of the algorithm is. From the SSIM values in these tables, we obtain the following conclusions.
• From the SSIM values in Table III, our proposed algorithm gives a better performance than the other methods. For Poisson and Salt & Pepper, the noise reduction effect of the proposed method is more robust than the other five methods. While for Gaussian and Speckle, the proposed menthod is still in the top three.
• Table IV shows that the SSIM value of the proposed method is closest to 1. Therefore, the proposed method's noise immunity is the best.
V. APPENDIX
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, we have proposed QHF as an effective tool for color image processing. Different from quaternion analytic signal, the QHF contains two parameters that offers flexible perspective to deal with different color noisy images. Based on QHF and the improved Di Zenzo gradient operator, we proposed a new edge detection algorithm. Several experiments including visual comparison and quantitative analysis are conducted in the paper to verify the effectiveness of the proposed color image edge detection algorithm. However, the noisy images considered in this article each only involved one single kind of noise disturbance. A forthcoming paper will be devoted to study images with mixed types of noise [36] , [37] , [38] , [39] situation. 
